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A flight control design of an unmanned space vehicle using an interpolative gain-scheduling technique is pre-
sented. The v-gap metric is used to evaluate the interpolative errors between linear models at operating points.
The linear-parameter-varying models for the space vehicle are then constructed by minimizing a criterion using
the v-gap metric. Furthermore, multi-objective constraints are locally imposed on the specified operating points
to improve the control performance. In the numerical simulations, the gain-scheduling control laws whose number
of operating points was greater than two stabilized the space vehicle over the entire region. Furthermore, the
input-saturation constraint was effective in suppressing the magnitude of the input and extending the stability

region of the design parameter.

I.

HE National Aerospace Laboratory and the National

Aerospace Development Agency in Japan had been devel-
oping an unmanned reentry space vehicle, named HOPE-X, for a
decade.'™ It had been planned that the vehicle would be used to
transport materials between the Earth and the International Space
Station. Unfortunately, this project has been suspended. Neverthe-
less, it is still worthwhile to study fundamental techniques for de-
veloping future reusable space vehicles. The mission profile of the
HOPE-X was planned as follows.?> The HOPE-X vehicle would be
launched by a Japanese rocket, H-IIA, from Tamegashima in Japan.
At the height of about 110 km, the HOPE-X vehicle would separate
from the H-ITA and enter into a low Earth orbit. After one revolution
around the Earth, the vehicle would deorbit and reenter the atmo-
sphere. The flight path and the attitude are controlled by reaction
control systems and aerodynamic surfaces. There are three flight
profiles after the deorbit: reentry phase, terminal area energy man-
agement (TAEM) phase,'® and automatic landing phase. In Ref. 9,
a flight control system of the HOPE-X vehicle in the TAEM phase
was designed by a linear-interpolative gain-scheduling technique.
A plant model of the HOPE-X vehicle was first expressed as a
linear-parameter-varying (LPV) model. To guarantee global stabil-
ity over the entire operating region, a quadratic stability constraint
with using the Lyapunov function was imposed. The constraint was
transformed into linear matrix inequalities (LMIs).'! A control law
was then calculated to satisfy the LMIs. In Ref. 9, two types of con-
trol laws were proposed, and their effectiveness was demonstrated
by numerical simulation using Simulink.* However, it was not clear
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how the operating points for constructing the LPV model should be
selected. In addition, the HOPE-X vehicle sometimes destabilized
for a large guidance command.® Therefore, the gain-scheduling con-
trol law needs to be improved to avoid such destabilization.

To overcome these points, this paper proposes a method for se-
lecting the operating points in which the v-gap metric'? is used to
evaluate the interpolative error between the operating points. Fur-
thermore, multi-objective constraints are locally imposed on the
specified operating points to improve the control performance. The
effectiveness of the proposed technique is evaluated by the numer-
ical simulation of the HOPE-X.

II. LPV System of HOPE-X Vehicle

The equation of motion of the HOPE-X vehicle is written as a
nonlinear equation:

x() = f(x@®),u@)
z(1) = g(x (1), u(?)) (1)
where u(t), z(t), and x(¢) are m-dimensional input, p-dimensional
controlled variable, and n-dimensional state vectors, respectively. It
is assumed that x (¢) is available for feedback. Because a reference
trajectory for the HOPE-X vehicle is given in advance,'? it is suf-
ficient to take into consideration the dynamics governed by Eq. (1)
near the reference trajectory. Letting 6(¢) be a varying parameter
identifying the reference trajectory, » operating points, that is, the
linearized points, are selected on the reference trajectory

0 <--- <6, 2)
Denoting the linearized point as (xlf’ s uf’ ) ateach point 6;, the linear-
time-invariant (LTI) model is given by

in] A B [x®—xf NE
20| |G D u(t) —u? z!
for

o 3

where
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Using the linear-interpolation between the LTI models, the

LPV model approximating Eq. (1) over the specified trajectory
(6; <0 <6,) is then expressed as

x(t) B A@O) B@O)][x@) —x9(6) . 0
2| €O DO)||u@)—ul®) 24(0)
for 0 €[00, 411 4

where

A®) B® A; B A, B;
[() ()]=u,-<e>[ ]+u,-+1<e>[ ! “}

Cc®) D(©) C: D Ciy1 Dig
()
o) x{ Xy
|:”d(9)i| = u;(9) |:'4§1i| + wiv1(0) |:u;’+1 (6)
50 —0 o 66
Mi(9)—97i+1_9is ,U«z+1(9)——9i+]_9i (N

That is, matrices A(9), B(0), C(8), and D(#) are given so as to
linearly interpolate the intermediate region between neighboring
operating points.

ITII. Operating Point Selection Using v-Gap Metric

The LPV model of the nonlinear equation was constructed as de-
scribed in the preceding section. However, the quality of the LPV
model, that is, whether the LPV model Eq. (4) properly approxi-
mates the original nonlinear system Eq. (1) or not, depends on the
operating points. In this paper, the v-gap metric'? is used as a crite-
rion for selecting the operating points, that is, to evaluate the inter-
polative error of Eq. (4). The v-gap metric was originally introduced
to discuss the robust stability related to the stability margin. This
section briefly explains the v-gap metric and the stability margin. A
method for selecting the operating points with the v-gap metric is
then proposed.

A. Robust Stability and v-Gap Metric

Let P(s) be a plant model of a m-input and p-output controlled
system. Denoting a class of stabilizing controllers for P(s) as
Q(P), the stability margin of a controller K (s) € Q(P) is defined
as follows!?:

bpx = inf p(P(jo). K (jo)) (8)

where
e ([Ja-zomiez )
p(X,Z)=1/c I I—-zZX)"'[-Z 1]

where o (- ) means the maximum singular value. The range of bp  is
given by bp g € [0, 1]. bp g is originally derived from the Nyquist
criterion for multivariable systems in terms of normalized left co-
prime fractional representation.'> '3

On the other hand, let P;(s) and P,(s) be two plant models for
a controlled system. Then, the difference between P;(s) and P»(s),
that is, the v-gap metric, is defined as follows!?:

8,(Pi, Py) = supk(Pi(jw), Pr(jw)) 9

where

k(X V)26 (U + YY) - X)U +XXH?P)

The range of §,(P;, P,) is also given by §,(P;, P,) € [0, 1].If the
controlled system has a single input and a single output, Eq. (9) can
be written as

5, = sup |P2(jw) — Pi(jo)|
o J1+[P(jo)2/1+ |P(jw)?

(10)

Equation (10) means the distance between P;(jw) and P>(jw) on
the Riemann sphere.

Using the stability margin and the v-gap metric, the robust sta-
bility is summarized by the following theorem!?:

Theorem 1: Supposing K € Q(P,), the following relations hold:

MK €{Q2(P),8,(P, ) =Bl & bpx>p (1)

Q) {K.bpx > B} eQP) & 8,(PLP)<B  (12)

]
Theorem 1 indicates that a controller K whose bp, x is large can
stabilize P, whose 8, (P;, P,) is large. Alternatively, a plant model
P, whose §,(P;, P>) is small can reduce the lower bound of the
stability margin to guarantee the robust stability. From the quanti-
tative point of view, a sufficient condition for the robust stability is
bp, k > 8,(Pi, P,), where P (s) and P,(s) are respectively regarded
as a designed (nominal) model and a perturbed model. This paper
uses the latter concept, that is, the operating points for constructing
the LPV model are selected so as to optimize a criterion using the
v-gap metric.

B. Criteria with -Gap Metric

This paper proposes two types of the criteria using the v-gap
metric to select the operating points of the LPV model. Let Py, (s; 6)
and P (s; 6) be transfer functions of the LPV and the LTI model at
the operating point 0, respectively. Then, the following criteria are
proposed to evaluate the interpolative error of the LPV model over
the entire operating region:

A . .
I,= o ax 8y (P (jw; 0), P(jw; 0)) (13)
1=0=0,
A o
I, = / 3y (P (s 0), P(jw; 0)) d0 (14)
0

where [, is the maximum of the v-gap metric over the entire oper-
ating region and I, is the error area. That is, the operating points of
the LPV model are selected so as to minimize either /,, or I,.

IV. Local Multi-Objective Gain Scheduling

In general, it is not necessarily required that the control
constraints—the stability, tracking, disturbance rejection, etc.—are
uniformly imposed over the entire operating region. In an operat-
ing region where a large tracking command is made, an additional
constraint should be imposed to improve the tracking. On the other
hand, in an operating region where the parameters of the plant are
violently changed the stability margin of the closed-loop system
should be increased. Therefore, the control constraints should be
imposed according to the control requirements of the operating re-
gion. Then, this paper uses local multi-objective gain scheduling
in which additional constraints are locally imposed on the speci-
fied operating points. The additional constraint used in this paper
is a constraint for suppressing the magnitude of input, that is, the
input-saturation constraint is considered.

The gain-scheduling state feedback law for Eq. (4) is written as

u(t) =—F@)x() F exmxn (15)
If the closed-loop matrix A(6) — B(0) F () is a stable matrix over
the entire operating region, the closed-loop system is globally stable.
To guarantee the global stability, consider the following parameter-
dependent Lyapunov function'*:

V() =x"(t)PO)x(1) PO) eR"*" >0 (16)
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where P (0) is a positive matrix with the varying parameter 6. Then,
dV/dt is given by

dv dp
EzXTPx +xT Px —l—xTEx 7

Differentiating P P~' =1 by ¢ gives

P pr PdP_] =0
dr dr
Then,
dp dp! .dp~!
— —_p P=—P§ P (18)
dr dr do

A sufficient condition of the quadratic stability is given by®’
V() < —x"(Q+ FTRF)x 19)

where Qe *">0, Ref"*" > 0 are weigIAlting matrices
and remaiIAled to be designed. Letting X(0)=P~'(0) and
F(0)X(©0)=M(@©) eR"*", inequality (19) is transformed into the
following matrix inequality:

.dX
AX+XAT —BM - MTBT —9@ +XO0X+MT"RM <0 (20)

To express matrix inequality (20) finitely, M (6) and X (@) are lin-
early interpolated as

M) = ui @M + i1 (O)M; 1 @n
X(0) = wi@)X; + pi+1(0)Xi 41 (22)
Using Eq. (22), dX/d6 is obtained as
dX Xy —X; AX
i O b Y (23)
dé Oit1—6; Af ).

Substituting Eqs. (21-23) into Eq. (20) and using the Schur
complement,'! LMIs with respect to X; and M; i=1,...,r) are
derived as follows:

X, >0 G=1,....r) (24a)
[A:X; + X, AT — B:M; ]
* *
—MT BT — o(AX/A6);
<0 (24b)
HX; -1, *
i M, 0 —R]
AjXj+ X;AT — B;M; . .
“MTBT — w(AX/AB),
I <0 (240
HX_/' —Iq *
L M; 0 —R']
[AX; + A X + X, AT ]
J * *
—B;M; - M" B!
~M] BT —2w(AX/A6), =0 ()
H(X; + X)) 21, o«
Mi +Mj 0 —2R71
wéémaxv émin (l=l,,r—1,]=l+1) (246)

whererankQ =g and Q= HTH, H e R7*" % means the transpose
of the elements located at diagonal position, and Op.x and O, are
respectively the maximum and the minimum of 6, that is, LMIs

(24b), (24c), and (24d) are doubled with respect to w. The number
of LMISs to be satisfiedisr + (r — 1) x 3 x2=T7r — 6.

As will be shown in the numerical simulation of the HOPE-X, a
large roll angle command is required at the beginning of the TAEM
phase. In a previous study,” the HOPE-X vehicle was sometimes
destabilized by saturating control surface angles large roll-angle
commands. To avoid this saturation, an additional constraint is lo-
cally imposed on the specified operating points. It is given by

V(x(0) < p? p>0 (25)

The purpose of this constraint is to suppress the time response for
the initial state. As a matter of fact, a constraint ||u(t)|| < p should
be imposed to suppress the saturation of the control input. In the
time response of the initial state, V[x(¢)] < V[x(0)] holds V¢ > 0 if
the closed-loop system is stable. If constraint (25) and the following
relations are satisfied,

uT Hu(t) < V(x(@)) (26)
and
uT Ou@) =xT(OFTFx(t) < xT(0)Px(t) < xT(0)Px(0) < p?

inequalities (25) and (26) are sufficient constraints for ||u(?)| < p.
Using X and M instead of P and F, inequalities (25) and (26) are
transformed into

P —xT ()X 'x(0) >0 (27a)
X-M'M=>0 (27b)

where inequality (27a) is a constraint for making X large and in-
equality (27b) is a constraint for making M small. As a result, the
obtained state feedback gain F = M X ~! might be too small. It is for
this reason that in this paper only inequality (27a) is employed, that
is, Eq. (25) is used as an additional local constraint to improve the
control performance and avoid conservative state feedback gain.

Let r, be the number of the operating points imposing the lo-
cal constraint (25) and C, be the class of the imposed operating
points. The following additional LMIs are then imposed and must
be satisfied:

X; x(0) .
O P >0 for 0, eC,(i=1,...,r,) (28)
Thus, if X; and M; satisfying LMIs (24) and (28) are found the
feedback gain F(0) is given by

F©) = (i @) M; + pi s 1O M; 411l @)X + i 1(0) X 4117

for 6 €[6,6i41] (29)

V. Numerical Simulation in TAEM Phase

The proposed operating point selection method and the local
multi-objective gain-scheduling technique were evaluated in the
numerical simulation of the HOPE-X. The flight profile of the
HOPE-X after deorbit consisted of the following three parts: reen-
try phase, TAEM phase, and automatic landing phase. In this paper,
the flight control system for the TAEM phase was considered. In
the TAEM phase, the range of the altitude H and the Mach number
M were given as 3 < H <28 km and 0.5 < M <2.5, respectively.
Figure 1 shows the flight control system, which was constructed in
Simulink.* The nonlinear equation (1) was embedded in the block
of “Dynamics of HOPE-X vehicle.” The sensor-measured variables
were fed into the guidance law to generate the guidance commands.
They were fed into the control law to calculate the control surface
angles for stabilizing the vehicle. Both the guidance and the control
laws respectively divided into the longitudinal and lateral directions.
The gain-scheduling proposed in this paper was then separately ap-
plied to the design of the control law in the longitudinal and lateral
directions.
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In Egs. (1) and (4), the state variable x, the input u, and the
controlled variable z of the longitudinal and the lateral directions
were respectively given as follows:

Longitudinal model:

x=[a ql". u=3, z=a,
Lateral model:
x=[8 p r oI, u=1[, &1, z=1lp a1’
Sensor Dynamics of Inputs of control
measurement HOPE X vehicle SUI'faCeS

+
Sensor systems

Guidance
commands

Guidance
laws

Fig. 1 Flight control system of HOPE-X vehicle.

Mach number in TAEM

2.5 g

30 25 20 15 10 5 0
H [km]

Fig. 2 Mach number M with respect to the altitude H in TAEM phase.
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where « is the angle of attack, ¢ the pitch angular velocity, 8 the
sideslip angle, p the roll angular velocity, » the yaw angular velocity,
and ¢ the roll angle. They were assumed to be measurable. §, was
the elevator angle, §, the aileron angle, and §, the rudder angle, and
a, and a, were respectively the vertical and the lateral acceleration.

In the TAEM phase, the altitude H was proportionally decreased
with respect to the time ¢ and the Mach number M was also
monotonously decreased with respect to H as shown in Fig. 2. In
this paper, therefore, M was used as the varying parameter 6(¢) for
constructing the LPV model.

A. v-Gap Metric and LPV Model in TAEM Phase

To check the model error in the TAEM phase, the v-gap metric
S[P(jw; M), P(jw; My)] between the LTI models in which the
nominal point, denoted as M, was selected as My =0.5, 1.5, and
2.5 is shown by the solid line in Figs. 3, 4, and 5, respectively.
8, increased when the Mach number was shifted from the nominal
point. The stability margin bp x of a fixed-state feedback law, which
was designed at each nominal point, is shown by the dashed line
in Figs. 3-5. From Theorem 1, the closed-loop system is robustly
stable only if bp g > 6, where bp g in the longitudinal direction was
larger than that in the lateral direction at each nominal point. This
meant that the longitudinal motion of the HOPE-X vehicle might
be stabilized by a fixed control law, but the lateral motion might not
be. That is, it was indicated that gain scheduling was needed for the
lateral direction.

In the lateral direction, bp ¢ whose nominal point was My =2.5
(Fig. 5b) was smaller than the one whose nominal point was
My =0.5 (Fig. 3b) and 1.5 (Fig. 4b), but the stabilized operating
region was wider. This meant that the robust stability condition
bp x > 8, was sufficient for a specified perturbation and the stabil-
ity region was not uniform to all parameter changes.

Figures 6-9 show the stability margin bp,,, ¢ and the v-gap metric
8,[Ppy(jow; M), P(jw; M)] between the LPV and the LTI models
in which the number of the operating points was r =2 ~ 5 and they
were obtained so as to minimize /,. The Mach number with §, =0
means the selected operating point. It is seen that the peak of §,
was reduced by increasing the number of the operating points r.
Especially at r =5 in the longitudinal direction (Fig. 9a), §, was
smaller than bp, oK OVET the entire operating region, that is, the
robust stability was guaranteed.

B. Simulation Results with Respect to Number of Operating Points
Using the operating points obtained by minimizing /, or I,, LPV
models were constructed and gain-scheduling state feedback laws
were designed for the number of the operating points r =2~ 5.
They were embedded in the Simulink simulation of the HOPE-X.

Nominal Point :MOZ 0.5

0.8 . . .
— 3
v
0.6 T bP,K 1
N
B
_ o4 1
13
> A Y
[Z=) Y
\h
\\
N
N
0.2 Lomal Lony 1
S ==
~
A
A Y
AY
AY
1 L \\ 1
0
0.5 1 1.5 2 2.5
M
b)

Fig. 3 v-gap metric 6,[P(jw; M), P(jw; My)] between LTI models and stability margin bp x of closed loop with fixed-state feedback designed at

nominal point M, = 0.5: a) longitudinal and b) lateral direction.
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Nominal Point M= 1.5 Nominal Point :M = 1.5
0.8 0.8 T T 0 T
— 3d
v
-=-= b
P,K
0.
N N
rQQ: "Qn:
. 0. R
w” w”
0.
M
a) b)

Fig. 4 v-gap metric 6,[P(jw; M), P(jw; My)] between LTI models and stability margin bp  of closed loop with fixed-state feedback designed at
nominal point M, =1.5: a) longitudinal and b) lateral direction.
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Fig. 5 v-gap metric 6,[P(jw; M), P(jw; My)] between LTI models and stability margin bp x of closed loop with fixed-state feedback designed at
nominal point M, =2.5: a) longitudinal and b) lateral direction.

—_ 3 )

b - b
Plpv, K Plpv, K

a) b)

Fig. 6 v-gap metric 6, [Py (jw; M), P(jw; M)] between LPV and the LTI models and stability margin bp, pv oK of closed loop with gain-scheduling
state feedback where r =2: a) longitudinal and b) lateral direction.
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Fig. 7 v-gap metric 6, [Py (jw; M), P(jw; M)] between LPV and the LTI models and stability margin bp,pv,K of closed loop with gain-scheduling
state feedback where r =3: a) longitudinal and b) lateral direction.
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Fig. 8 v-gap metric 6, [Py (jw; M), P(jw; M)] between LPV and the LTI models and stability margin bplpv .k of closed loop with gain-scheduling
state feedback where r =4: a) longitudinal and b) lateral direction.
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Fig. 9 v-gap metric 6, [Py (jw; M), P(jw; M)] between LPV and the LTI models and stability margin bplpv .k of closed loop with gain-scheduling
state feedback where r =5: a) longitudinal and b) lateral direction.
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Fig. 10 Time responses of controlled variables using gain-scheduling state feedback where number of operating points is r = 2: a) vertical acceleration

and b) roll angle.
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Fig. 11 Time responses of input variables using gain-scheduling state feedback where number of operating points is r=2: a) aileron and

b) rudder angle.

The weighting matrices of the quadratic stability condition (19) were
given by

0 =0.011,

As a typical simulation example, Figs. 10 and 11 respectively show
time responses of the controlled and the input variables in the
simulation where r =2 and the operating points were selected as
M ={0.9, 1.9} to minimize I,. The LTI models were obtained in
the longitudinal and the lateral directions at each operating point
and are shown in Appendix A. According to Egs. (4-7), the LPV
models were then constructed for both directions by linearly inter-
polating the LTI models. The gain-scheduling state feedback laws
were obtained by solving the LMIs given in Sec. IV. The numerical
values of X; and M; at M ={0.9, 1.9} are given in Appendix B.

At the beginning of the TAEM phase, a large roll-angle command
¢. was required as shown by the dashed line. The roll angle of
the HOPE-X vehicle ¢ almost tracked to the command ¢.. The
designed gain-scheduling control laws then stabilized the HOPE-
X vehicle over the entire TAEM phase as shown in these figures.
The simulation results where r = 3, 4, and 5 were almost similar to
Figs. 10 and 11. Furthermore, there were no significant differences
in the simulation results between min /,, and min /,.

For comparing the proposed gain-scheduling control with the
fixed gain control, fixed-state feedback laws were designed at

R'=wh w=2 (30)

M =2.5, 1.5, and 0.5. Figures 12 and 13, respectively, show time
responses of the controlled and the input variables where the state
feedback laws were designed at M = 2.5. The HOPE-X vehicle was
stabilized until about 80 s, but destabilized after that as a result of
increasing model error especially in the lateral direction. The state
feedback laws designed at M = 1.5 and 0.5 could not stabilize the
HOPE-X vehicle for the initial roll command. This destabilization
was caused by increasing the v-gap metric and decreasing the sta-
bility margin of the fixed-gain control law.

To evaluate the necessity of gain scheduling for the HOPE-X,
fixed-state feedback laws designed by linear-quadratic-regulator
(LQR) and gain-scheduling laws were applied to both the longitu-
dinal and the lateral directions. Table 1 summarizes the simulation
results. Fix means fixed-gain state feedback law designed by LQR
and corresponds to the case » = 1, whereas GS means the proposed
gain-scheduling state feedback law and corresponds to the cases
r =2-5; O indicates that the flight in TAEM phase was success-
fully completed, whereas x indicates that the flight failed (the ve-
hicle destabilized). The fixed-gain control was not sufficient for the
lateral direction control because the variation of lateral LTI models
of the HOPE-X vehicle was too large to robustly stabilize the vehicle
in the TAEM phase. Moreover, the preceding result also relates to
the fact that the stability margin in the lateral direction (Figs. 6b—9b)
was not so large that in the longitudinal direction (Figs. 6a-9a).
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Summarizing the preceding, gain scheduling was needed for the
lateral direction to stabilize the HOPE-X vehicle in the entire TAEM
phase. The number of the operating points greater than two, r > 2,
were required to stabilize the HOPE-X vehicle and track the guid-
ance commands.

C. Local Multi-Objective Gain Scheduling

As discussed in the preceding section, the HOPE-X vehicle was
stabilized and tracked the commands by the gain-scheduling state
feedback when the number of the operating points was r > 2. How-
ever, the gain-scheduling state feedback laws did not always sta-
bilize the HOPE-X vehicle. When a large roll-angle command ¢,
was applied at the beginning of the TAEM phase, the nonlinearities
in the HOPE-X vehicle were not negligible. In such situation, the

Table 1 Simulation results in TAEM phase

high-gain state feedback laws led to saturation of control surfaces
and the HOPE-X vehicle was de-stabilized.

To avoid this, an input-saturation constraint (25), that is, LMIs
(28), was added to the gain-scheduling state feedback laws. Fig-
ures 14 and 15 show the initial responses of the control surfaces,
8, and §,, at M =0.7 and 2.1, respectively. The solid line is the
response with the input-saturation constraint, whereas the dashed-
line is the one without the constraint. As seen in these figures, the
amplitude of the control surface angles was suppressed by imposing
the input-saturation constraint LMIs (28). Table 2 shows the weight
w of Eq. (30) for obtaining successful gain-scheduling state feed-
back, that is, where the flight in the TAEM phase was successfully

Table 2 Range of w in which state feedback law
stabilized the HOPE-X vehicle and tracked the
guidance command over the entire TAEM phase

Longitudinal Lateral r=1 r=2 r=3 r=4 r=>35 r Index With V < p? Without V' < p?
Fix® Fix xP - 2 g » ; <w< %g; 006; <w< g%o
Fix Gs* — O O O O a sws M<ws
as - - SN Tl 2I0IHs omcwzig
GS GS —_— a =w= O2=<w=
o © o o 4 I, 2 <w <587 00l <w=<122
2Fix = fixed-gain state feedback law designed by LQR. Iy 5<w=<701 0.01 =w <108
b x =flight failed (the vehicle was destabilized). 5 1, 5<w <888 00l <w=<92
¢GS = proposed gain-scheduling state feedback law. 1, 5<w <800 0.1<w=<90
40O =flight in TAEM phase was successfully completed.
15 T r r - ‘Il ’ |
— 2 40N 0]
-——- a <]
10 zc |
M _ 30 ]
g 13
E Z
N 1 20 l
R <
o <
3 1 10 1
-10 7]
0 J
s ) ) ) ) . . . .
0 50 100 150 200 250 0 50 100 150 200 250
t [sec] t [sec]
a) b)
Fig. 12 Time responses of controlled variables using fixed-gain state feedback: a) vertical acceleration and b) roll angle.
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Fig. 13

Time responses of input variables using fixed-gain state feedback:

a) aileron and b) rudder angle.
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Fig. 14 Initial responses of control surfaces at M =(.7: a) aileron and b) rudder angle.
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Fig. 15 Initial responses of control surfaces at M =2.1: a) aileron and b) rudder angle.

completed. Thus, the input-saturation constraint (25) was effective
in extending the range of w.

VI. Conclusions

A flight control design for an unmanned space vehicle, the HOPE-
X, has been presented using an interpolative gain-scheduling tech-
nique. The v-gap metric was used to evaluate the interpolative error
between linear models at the operating points. Linear-parameter-
varying (LPV) models for the HOPE-X vehicle were then con-
structed by minimizing a criterion using the v-gap metric. Two types
of criteria were proposed in this paper. Multi-objective constraints
were locally imposed on the operating region to improve the control
performance. In the numerical simulations of the HOPE-X in the
terminal-area energy-management (TAEM) phase, gain scheduling
was needed for the lateral direction control because the variations
of the lateral linear-time-invariant models of the HOPE-X vehicle
were too large to robustly stabilize it. The number of the operating
points had to be greater than two to stabilize the HOPE-X vehicle
over the entire region of the TAEM phase. Furthermore, an addi-
tional constraint, the input-saturation constraint, was effective in
suppressing the magnitude of the control surface angles and ex-
tending the stability region of the design parameter. For nonlinear
aerospace vehicles such as the HOPE-X, dynamic inversion control

is one of the more powerful control design techniques which can be
used. Therefore, a future topic for research is the comparison of the
proposed gain-scheduling technique to the dynamic inversion in the
numerical simulation of the HOPE-X. To evaluate the robustness of
the control system, the flight simulation should be performed with
several kinds of uncertainties. Monte Carlo simulation’ is one of
methods to do this.

Appendix A: Numerical Data of LTI Model

The numerical data of the LTI models at M = {0.9, 1.9} were as
follows. The LPV models were then constructed by linearly inter-
polating these LTI models.

1Y)
M =09
a) Longitudinal LTI model:
—0.6027 1
Al = )
—0.7467 0

Ci = [~2.89330],

B; =[—0.1353 — 6.0839]

D, = —0.6381
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b) Lateral LTI model:
—0.1386  0.0777 —0.9970 0
Lo |2 o 0 0
"7 —0.4871 0 0 0
—0.0001 1 —0.4632 0
0.0238  0.0420
| 215416 63686
"7 | —1.0405 —2.0356
0 0
0 00 1 0 0
C = , D, =
—0.7490 0 0 0 0.1103 0.1946
2)
M=19

a) Longitudinal LTI model:

4 [F01347 5 _ [ 00157
> [-0.3048 0] 27 [ =1.7791

C, =[—1.4291 0], D, = —0.1551
b) Lateral LTI model:
—0.0380 0.0875 —0.9962 0
—2.5777 0 0 0
Ay =
—0.9481 0 0 0
—0.0001 1 —0.0642 0
0.0013 0.0043

4.2452 1.0789
—0.1617 —0.5060
0 0

) =

o 0 00 1 o[ 0 0
27 -04712 0 0 o)’ 27 10.0130 0.0426

Appendix B: Gain-Scheduling State Feedback

Using the matrices given in Appendix A, the gain-scheduling state
feedback laws were obtained by solving the LMIs given in Sec. IV.
The numerical values of matrices X; and M; at M = {0.9, 1.9} were
as follows:

1Y)
M =09

a) Longitudinal direction:

M, =[-1.1102 —-9.8131]

31.3892 —12.1211
T o12.1211 33.8891)°

b) Lateral direction:

[26.5760  8.9343  33.3948  3.0601
X, = 8.9343  150.6468 6.6549 —45.3181
"7 1333948 6.6549  49.4580  3.6242
| 3.0601 —45.3181 3.6242  55.6260
M, — [—25.5476 —0.0991 —25.6215 —0.3973
' | 1.1970 6.5249  —23.8548 2.5219
2)

a) Longitudinal direction:

38.1981 —16.3596
2:|: :| M, =[-4.8354 —18.5972]

—16.3596  35.0281|’

b) Lateral direction:

25.6727 < —3.3825 27.9274  4.1756

—3.3825 100.9669 —3.3443 —41.3308
27 | 279274 33443 324675 2.4296

4.1756  —41.3308 2.4296  66.3161

| —20.9356 252574 —19.7562 2.6915
7| 40080 —0.2351 —11.6474 1.7222
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